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ABSTRACT

The present analysis addresses rubber V-belt variators.

Experimental results on the elasto-reological properties of
several belts are presented and the belt wedging into the pulley
groove under static loading is analyzed.

The convenience of innovative tensioning strategies is
considered, e. g. attaining limit tension and full slip
simultaneously, and an approximate formulation for the mechanics
of V-belts is proposed.

Possible split-way arrangements are analyzed, aiming at the
optimization of the variator class.

INTRODUCTION

Relevant problems arise in the area of V-belt CVT’s due to
the variable tension request in dependence on the operative
conditions (torque and speed ratio). Pre-forcing is usually realized
by hydraulic thrust on the pulleys with remarkable power losses,
especially at partial load [1].

Passive tensioning systems, e. g. spring based, could in part
overcome this drawback. Moreover, it would be convenient to
calibrate the axial thrust so as to attain maximum admissible
tension and slip limit simultaneously in the whole operative range,
for the best variator exploitation [2-4]. To this end, it is important
to gain precise information on the physical properties of the belts
and develop a simple and reliable formulation for the belt variator
mechanics in place of more complex though well established
theories [5-7].

The idea of using the variator into split-way drives has
stimulated the researchers in the last decade. The present concepts
can be applied to a double way drive for the optimization of the
power class of the variator.

EXPERIMENTS

Retarded elasticity phenomena appear during the static
loading of rubber belts. Experimental tests on a traction machine
permit a rough evaluation of the belt constitutive parameters.

The Maxwell element (spring and dashpot in series) plus a
shunt spring gives an approximate model for the response of a belt
element. The constitutive relationship between the belt tension T
and the longitudinal elongation € becomes

T+1,T =S(e+7,€) ()

where dots indicate derivatives with respect to time, S is the
equilibrium stiffness, 7y and 7, are viscous retardation times,

dependent on the temperature and the deformation rate. It is
interesting that a large viscous resistance inside the internal chord
may retard the longitudinal deformation and reduce the sliding
speed on the pulley. The possible advantages are analyzed in
another paper [8].

Figure 1 shows a scheme of the experimental tests. Several
commercial V-belts were wound on two cast-iron pulleys and
loaded by a traction machine. Other tests were carried out by
overturning and winding the V-belts on nylon band pulleys for a
flat belt simulation. The center distance was increased in all the
tests at the constant speed of 2.5 mm/min. The friction coefficient
was calculated separately by dynamometric tests.

As an example, Fig. 2 a shows the experimental
load/displacement diagram for the wedged and overturned set-up.
The hysteresis effect is due to the belt internal viscosity and to the
pulley friction. V-belts give rise to much higher displacements
than flat belts owing to the elastic wedging into the groove,
equivalent to a compliance increase.

Relaxation tests were also carried out to calculate the
retardation times of the system (see Fig. 2 b). The asymptotic
equilibrium tension 7., = Se was measured after several minutes

of relaxation.
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Fig. 2: (a) Hysteresis loop, (b) Relaxation

STATIC LOADING ANALYSIS

Theory
The present theory applies to the main sliding arc on the

pulley. The short boundary arcs will be ignored and replaced by
penetration discontinuities, as usual in V-belt mechanics [5-7].

The equilibrium and penetration equations of a V-belt
element were derived in a previous paper [6]. Here, their abridged
form is reported, neglecting smaller terms,

T'=Ttan (equilibrium) 2

T kx

- = i 3

sT m B (penetration) 3)
cos>a tany

where primes indicate derivatives with respect to the angular
coordinate 6, x = — Ar /ry is the dimensionless penetration, the
subscript ... o refers to zero load,  is the groove half-angle and &
is a the radial stiffness parameter of the belt [6]. Moreover, ¥ (=
sliding angle: see Fig. 1) and 8 (= arctan { f'siny/[ f cosy+ sinc

1+ tan” & cos’ Y 1}) are the angles formed with the radius in the

plane of rotation, by the resultant friction force and the total wall
force respectively.

V-belts with large width-to-thickness ratios deflect radially
in the transverse planes and the theory of elasticity indicates a
reduction of the local belt elongation: &(z) = €,, — u (z) /r, where z

is the axial co-ordinate, €, the wall elongation, r the radius and u
the centreward displacement.

For cogged V-belts, the cogs can be considered as transverse
beams connected to each other by the chord layer. Each cog is
subject to a distributed load due to &(z), yielding the deflection
equation 84U/E)Z4 +4u*U = 4u’e,, , where Z=2z/b, U = u/r and
U is a compliance parameter, to be determined by experiments.
Imposing the boundary conditions U = U / dZ = 0 for Z=* 1,
integrating and averaging across the section, one gets € =
=g, (chzu sinz,u + shzu cos’ ,u)/[,u(chush,u + cos usini )] =g, /B,
where B is constant in practice along the belt [9].

The belt will be here considered as one-dimensional and the
symbol € = B¢, will indicate the mean longitudinal elongation
across the section.

When loading a V-belt as in Fig. 1, the two belt elements on
the plane of symmetry (O and O; ) penetrate radially into the
groove, the others penetrate and slide towards the free spans and
the ends of the wrapped arc come out from the contact zone.

Let us indicate with s the length of a belt arc starting from
the central plane and s, the zero load length (Fig. 1). Minding that
all quantities are measured at the pulley walls and neglecting
smaller terms, we write

s—so=rpfy (1=x)d6 — By =1y [ €,d6 = 1y [ Bedd Gab)

ie.  0-6=["(Be+x)d6
Consider a perfectly elastic belt (77 = 7, =0, e=T/19),
impose the initial condition € = 0 and assume a separable variable
distribution, &(t,0) =€ 4 (t) Y (6), where the subscript ... refers to
the free span and Y (7 /2) = 1. The belt equilibrium (2) involves
the independence of 8 (and 9) on the time ¢, which means that the
belt elements penetrate along logarithmic spirals and the ratio £/ x
= w is independent of 7 due to Eq. (3), i. e.x =€ (t) X (6), where
X(©)=Y(0)/w(06).

The center distance increase while loading is given by

d—dy=dye (1) + 2, [T (1,0 B +1/w(0)] d6 5)

and in the hypothesis of a constant deformation rate v, we

obtain & 4 (¢) = vt / b, where b = d;y + 2r jg/ 2y©)B+1/w@)]d0 .

Differentiating Eq. (4 b) with respect to time, observing that
r dO = r tany dx, whence xtany = Jg 0 (Bé‘ +5c)a’9 , eliminating
the time dependent factors and differentiating with respect to 6,
we get

d(X tany)/d6, = (X tany)” = BY + X (6)

Replacing x with X and 7 with YS§ into Egs. (2) and (3), we
have thus three equations in total in the space domain, Egs. (2), (3)
and (6), in the three unknowns X, Y and ¥ Uniqueness
considerations permit to accept the following results as the correct
solution of the problem and justify the separable variable
assumption.

It is easy to verify that the present separable variable
solution applies to viscoelastic belts as well if 7, = 7, , which is

a realistic condition, since creep and relaxation times of polymers
are not very different in most cases.

Solutions
Solve Eq. (3) for tany, choosing tany > 0 (Fig. 1). Then

Cyllky —w)w—k,) 7)

tany =
4 cos’or (w - k)

where C = \/cos(oc + (p)cos(oc —(p)/cosq) , ki =k tan (o + @)/tana,
ky = k tan (ax — @)/tana, @ = arctanf.
Eliminate ythrough Egs. (2) and (3):



Y= CJlgX =YY -k X) ®)

Since (tany)’= w’ d (tany)/dw, X'=w’" dX/dw and w’" = Y'/(X
+ w dX/dw), Equations (6), (7) and (8) lead to a differential
equation for the variable X (w):

lax _ 2a(1+Bw)(w—k)2—Cz[(km—W)(W_k)_
X dw €))

(ks —ww=ky)I}/

/iw k [ kl w)(w k2) (1+Bw)(w—k)cos2 O{I}

where k,, = (k +k,)/2.

Indicating with ¢, a constant of integration, the solution is
X =co (w=k) (w=wp) (w=m,)?2 (w—wy)® (19)

where the w; are poles of Eq. (9), i. e. roots of the cubic equation

B+ (- Br— 2 tanah? B+ 272 Jw+ 2( - £2 /tan’al)

= 0, (this same equation gives the asymptotic dlrectlons of the
trajectory portrait [6]). The exponents can be calculated by
a; = N(w;) /[dD(w)/dw] w=w, » Where N and D are the numerator

and the denominator of the right-hand side of Eq. (9).
One of the three roots is real and is always included between
k and k; ; the other two may become complex when k, < —1 (large

k and f, small o), though this is not frequent for common V-belts.
In this eventuality, the partial fraction expansion of Eq. (9) leads
to more complex solutions, which are here omitted for brevity.

Putting dX/dw = (Y7w”—X) / w, Egs. (8) and (9) give rise to
a differential equation for the inverse function (w):

do 9
PR oy sy [(2w—k)(k1—w)(w—k2)—

- w(km —w)w— k)] /
/ [C2 (kl —w)w- ky )= w(l + Bw)(w— k)c052 (x]z
b

— C k + 1
G —W)(W—kz){cz(w—k) lzzé(w‘wi H

where the w; have the same meaning as above and the b, can be

(11

obtained similarly to the q; .
The solution can be derived in closed form as sum / of the

integrals I; of the partial fractions. Putting u = w — w;, U =
(kl —w)(w—kz), U;= (kl —wi)(w,» —kz), we have
_ bl log UU,+Ul+u(km—Wl) lfUl>O
i bdw U 0.5u
u\/U = b arcsin[u(k’" _Wi)+Ui:| ifU; <0
J-U; 0.5ulky —ky)
and then
0 =Cl1(w)-1(k)] (12)

as w =k for 8 =0 by Eq. (3), because y vanishes in the plane of

symmetry. The case of a pair of complex conjugate roots is more
cumbersome and is not reported here for brevity.
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Fig. 3 Force and penetration diagrams for static loading
(k=0.15, f=0.3, x=14°,B=2.5)

Equations (10) and (12) provide a parametric representation
of X (6) and Y (0) = w (0) X (6), where ¢y must be so chosen that

Y(z / 2) = 1. Then, the slope 2d Ty /d (d —dy) = 25/b of the

force/displacement diagram can be calculated in dependence of £,
by integrating the function BY (6) + X (6).

The flat belt arrangement implies B = 1, X=0, Y (6) =exp [
(6 — / 2) and gives b = dy+2r[l—exp(~ fm/2)]/f . Thus,
comparing V- and flat belt slopes and adjusting the radial stiffness
k by tentative with the aim at the best fit with the experimental
plots, the stiffness parameter £ may be estimated. Figure 3 shows
the diagrams v (6), X (6) and Y (6) for a typical case.

CVT ANALYSIS
V-Belt Mechanics
The equilibrium and penetration equations, Egs. (2) and (3),

must be rewritten putting € = (7 — qu) /S in place of T/ S,

where ¢ v? is the belt momentum flux and € has now the meaning
of "dynamic" elongation. A proper kinematic condition must
replace the static deformation equation Eq. (6), accounting for the
triangle of velocities and the mass conservation requirement [6]

x'tany = x—x, + Be — Be, (13)

By elimination of ylike in the previous section, a differential
system for € and x can be obtained

&= +C flpx—e)e —kypx) (14)

_ icosza(x—x0+B£—B£0)(s—kx) (15)
C\/(klx—e)(e —kzx)

where the double sign refers to the driven (+) and driver (=) pulley
and the subscript ..., refers to the "orthogonal point" at the

beginning of the main sliding arc, where the belt velocity and the
friction force are orthogonal, y= 0 and ¢,/ x, =k [6].

Equations (14) and (15) are singular at the orthogonal point,
but can be solved by Runge-Kutta routines. Eliminating the
independent variable by division of Egs. (14) by (15), a trajectory
portrait can be sketched on the tension/penetration plane (Fig. 4).
The orthogonal point O is a singularity for the trajectory equation,
whence the driven and driver trajectories spring out with slopes

Do =i\/(l.5—j'tana)2/32 +2k(1+ f/tane)/B — (1.5 ftanat)/ B
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Fig. 5 Closed form solutions (°*) for V-belt drives (data of Fig. 3)

In practice, taking values from the present experimentation
for f and £k, the driver pulley trajectory denounces rather small
penetration changes along the main sliding arc, while the driven
pulley trajectory is similar to a straight-line with a certain slope p
through the orthogonal point (Fig. 4). Moreover, the numerical
solutions indicate a nearly linear increase of y and [ along the
sliding arc of the driver pulleys.

This suggests to put & =& tan(B,0) and x = x, for the driver

pulley, replace x —x, = (¢ — €,) / p into Eq. (14) for the driven
pulley and ignore Eq. (15). By the previous definition of 5, we
derive B, =7y, f/(f +tancr), where 7y, can be obtained

differentiating twice Eq. (13) at the orthogonal point and minding
that &) /x) = p,due to I’Hépital rule:y,= 0.5 (1 + Bp,).
Therefore, we get by integration

£ < feos(gro) ¥ on a6

&€ p kl_kZ
£ 1+ 2 A7 feosh(@e)-1] (D
e 2k1(p—k2 }COS @o)-1] - om (17)

where Q = \/(k;— p\p—k,) C/p and we remark that k o r02

and thus is different for the DN and DR pulleys and changes with
the speed ratio. The slope p may be chosen as a suitable mean of
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Fig 6: (a) Limit power, (b) Driven pulley axial thrust
- Variator characteristics: center distance = 255 mm, mean radii
=39 mm, wedge angle = 14°
- Belt: cogged type, unit length mass = 0.124 kg/m, transverse
width = 15 mm, friction coefficient = 0.3, admissible tension =
500 N
- n;, =2000, 4000, ..., 16000 rpm

the slope at the orthogonal point, p,py , and the asymptotic slope
P =w (see previous section). A very good fit can be obtained
putting p = 0.6 p,py + 0.4 p.., as shown in Fig. 5, where the
Runge-Kutta plots of € and x are traced by a continuous line and
compared with the solutions (16) and (17).

The penetration function x (6) permits the calculation of the
axial thrust F,, by integration of the unit angle axial force

F) = kxS/2tana .

Limit Performance

Suppose to load a variable speed drive close to the full slip
limit and control the axial thrust so as to attain the highest
admissible tension 7, on the tight span. Since self-locking usually
prevents full slip on the driver pulley, this limit condition can be
reached in practice only on the driven one.

Then, indicating with © the arc of contact and using the
previous model, we obtain the limit relationships for the
transmissible power and the axial thrust:

ol 2
P, =T 0pprpp 1-420R DRy

]—:‘(
(18)
~ 1
+p[k1‘ 2)(cosh!2@—l)
2k p—k2 oy



(19)

2. 2
Fooo L= q®pr7TpR

= O
DR 2tan(a+¢) X

{2@_{1(1 —ky Isinh!)@ _@]
ro L a0’ g’ p-k f Q (20)

zDN —
2tan(o + ) 2+p[kl_kz}cosh.(2@—1)

ki p—F DN

For example, the diagrams of Fig. (6 a, b) were drawn in
dependence on the speed ratio 7, for a commercial variator, for

several input speeds. The particular driving speed 9281 rpm
produces equal power at the ends of the range, and this level ( B, )

is used for scaling the power diagram, due to the opportunity of a
conventional reference performance. The quasi-linear dependence
of the axial thrust on the speed ratio indicates the feasibility of the
limit operation by means if a simple loading spring on the driven
pulley without any external control [4].

More accurate but complex relationships for the axial thrust
could also be used [10].

SPLIT-WAY SCHEME

As well known, the speed range of a CVT can be amplified
by inserting the variator into a double- or multi-way arrangement,
connecting the branches by one or more epicyclic trains (see [2,
3], also for a survey on the literature). This practice may yield
infinite or even negative "aperture" (ratio of the maximum and
minimum speed ratio) but must be paid by an increase of the
power demand to the variator, i. e. of its "class" (ratio of the multi-
way and single-way variator power).

Speed-Power Gain Balance

Define as "speed gain" of a complex CVT scheme the ratio
between the logarithmic differentials of the speed ratios of the
whole transmission and of the simple variator: (dt /1) / (dt, /7T, ).

Besides, define as "power gain" the ratio between the total power
and the variator power. The principle of virtual displacements
permits to demonstrate that the product of such two gains must be
equal to unity in no friction conditions.

Whichever multi-way CVT is considered as in Fig. 7,
suppose to take away the inside variator and leave the primary and
secondary torque applied at the shaft stumps as external reaction
couples. Assuming no-friction working, the virtual displacement
principle requires the vanishing of the total work done by the
input, output, primary and secondary torque for any virtual
rotation of all shafts from an equilibrium configuration:

Min (ﬂ[n + 6‘19”1 )_ Maut (19out + 6‘1901” ) =

(21)
=M pr(Opg + 89 )~ M py Opy +8py )

where the 9 = @;Ar are real shaft rotations, such that ©,,, /9, =
T, Opy /Opr =7, and that the total work of the four couples M;
is zero, while the 8¢, are arbitrary virtual variations allowed by
the system constraints.

Since M0 = BAt, T+ 67 = (8 +60py ) | (0, 160, ),
i.e. 6t/t=989,,/0,,-00,/0, and 1, + 87, = (Opy T6Vpy)
/ (Opgr + 6Vpg ), i. e. 07,/7,= 80pn/Opy—00pg / Opg , then

M,
out
! ﬁout

)

Fig. 7 Multi-way CVT
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Fig. 8 Symmetric split way scheme

Equation (21) gives P, 0t,/7,= B, Ot /t, which is exactly
what we wanted to prove.

Two-Epicyclic Train Scheme

As an example, let us consider the symmetric double-way-
two-epicyclic-train scheme of Fig. 8 and suppose ideal no-friction
working. The boxes indicate gears, where the power fluxes and
speed ratios must be considered according to the arrow directions
in the figure, e. g. 7, =@, /o, , etc.

The analysis can be carried out in the usual way by equating
to zero the total entering power and the sum of the external
couples for each epicyclic gear.

T (HGDTV/TWJ (22)

Tm 1+ O-UTV/Tvm

P,

var. 1 1

- - (23)
Ptot, 1+ oyTy /Tvm 1+ Oply /Tvm

Here, the subscripts ...y and ...p refer to the

minimum external speed ratio of the whole transmission and to the
upstream and downstream epicyclic train. Moreover, we have put
0p =Tym YpKp2/Kp1 , oy =TumYuKui/Kya, & =
=Ky1Kpi (1 +vu )/[Tm (1 +7¥p )] , where y;; and yp are the torque
ratios through the shafts 2 and 1, i. e. fixed functions of the basic
speed ratios of the respective epicyclic trains, independently of 7.
Indicating with 4 = 14/1, and A, =17,,/T,, the
"apertures" of the whole drive and of the variator, where the
subscript ... ;, refers to the maximum external speed ratio, we get
oy =[A~ A, +E(4,~D]/[4, (1-4)]and ) =[44, -1~
A(A,-1)/ &/ [4, (1 —A))]. Therefore, the behavior of a
particular transmission is completely defined by a triad of
numbers &, 4 and 4, , independently of the specific values of the
fixed ratios K or 7y, which may thus be chosen in view of the
simplest arrangements. For example, putting K = 1 is equivalent to
the elimination of a gear, putting y= 0 or oo is equivalent to the
elimination of an epicyclic train, which must be associated with an
additional condition K = 0 or oo that eliminates a branch.
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Fig. 9 Variator class map (data of Fig. 6), 4,=0.5,0.6, ..., 2

Thick line: optimization for constant power variator ( P, )

Once chosen &, 4 and 4, , the ratio of the driving speed of

the variator and the input speed is determined as a function of
Ty, @ )0, =Ky (1+7,)/(+06y7T,/Tym), so that, assuming

constant engine speed, the limit operative curves of the variator
can be traced on the characteristic map of Fig. 6 a, b.

At full input power, it is vital that the power request (23)
should be compatible with the power capacity of the variator,
which condition identifies the variator class for given engine, once
the drive scheme has been chosen.

Of course, this compatibility cannot be fulfilled in the whole
speed range in case of infinite or negative aperture, if one minds
for example that the neutral configuration implies the divergence
of the power ratio (23), at least for ideal no-loss working. Some
limiting device should be then present in the layout in addition to
the common engine throttle, in order to cut the engine feed, for
example in the range between the reverse and the symmetrical
forward speed (-1 <7/ 7,,<1).

This limiting device could be conceived in such a way to
deliver the maximum admissible power to the variator throughout
the mentioned partial range around the neutral. Otherwise, it could
be planned for providing constant output torque in that range.
Here, the last condition is imposed.

Furthermore, the variator should be optimized in the whole
speed range by equating admissible and requested power in the
most critical conditions. Comparing with the one-epicyclic train
scheme, an important advantage of the two-epicyclic train choice
is the possibility of imposing two critical conditions instead of
one. Thus, a finer fit can be achieved, though at the cost of a
greater complexity of the set-up.

Indicating with P, the reference variator power (e. g. the

m

endpoint power for n;, = 9281 rpm in Fig. 6), define the variator
class in a split-way scheme as the ratio between B, /P, (23)
=P
For geometrically similar variators and same belt speed, the class
is proportional to the square of the size by Eq. (18).

Figure 9 shows the variator class in dependence on the total
aperture 4 for A4, =3.375 or 1/3.375 and for several values of the
"partial” aperture 4; =@y, /@y, = (E—A4) /[ 4, (§—1)], which is
here chosen as the third free parameter in place of & The
minimum class can be obtained by enveloping the plots from
below: this determines the quantities 4; and .

and P,/P, (18) in the most critical condition (where P,

ar.

As can be seen, the class is nearly equal to 4 / 4, when 4 >

0, but grows to much higher numbers when 4 < 0. This is a
consequence of the power flux recirculation through the variator
(see previous subsection). Nevertheless, the present procedure

guarantees the lowest obtainable class rises among all possible
schemes like Fig. 8.

The use of two- or multi-mode transmissions, where the
switch from one mode to another is done during synchronous
running by suitable clutches, permits a substantial reduction of the
variator class, but at the cost of more complex schemes.

CONCLUSION

Simple experimental tests permit the characterization of
rubber V-belt variators as regards the tribological properties of the
belt-pulley contact and the (visco-) elastic parameters concerning
longitudinal elongation, radial bending and penetration of the belt.
A suitable theory on the static loading of the belt-pulley system
can be used for this type of analysis.

Accurate closed form approximations to V-belt mechanics
apply very well to the limit performance of variators, i. e. at full
slip and maximum admissible tension.

Such a limit behavior permits the best exploiting of the
variator characteristics inside a split-way CVT, aiming at the
lowest variator class for given driving engine.
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